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Part A

Answer all guestions.
Each question carries 1 weightage.

Show that the graph of any function f ——-#1R is a level set for some function F. @ *. ., =.

Find and sketch the gradient field of the function f(xj,x2)=x1—x2.

Let f:U -+ R be a smooth function and let « :1 -+ L1 be an integral curve of V[ . Show that :

|. f:}:i” d) (¢) =l Vf (a(e)) 1 for all tEL

Sketch the cylinder over the graph of f{x)=rcosx

. . . 2 .
Show that the two orientations on the unit n-sphere xj +... % 4+ 1=1 are given by :

N, (5)= (b, p) and N2(p)=(, p)-

Prove that geodesics have constant speed.

Let S be an n-surface in gn+1,let a:] -+ S be a parametrized curve and let X and Y be vector

fields tangent to S along a. Verify that (X +Y) =X +

Compute V (7) where [:E 1w pe "l ve R where f{z,,2,,%,)=x,2,5 and

v=(LL1a,b,c) (7=2).

-
Find a global parametrization of the plane curve x; * TE =1. (You may choose the orientation).
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Find the length of the parametrized curve a : [0,2m] -* R* given by «({] = (cost.sinf,cost,sint) .
Let S =" bean oriented n-surface, let pE 8. Define the second fundamental form of S at .
Let U be an open set in & | letiy : /& be a smooth map, let o be the differential of 9.

n | — !

Prove that the restriction &4, of ¢ to R}, is a linear map du, t R}, ] 2

Let Q:U; UJsand w:U,-3] be smooth where U; c ' and U, =A™ . Verify the chain

rule r.Il{l..l )= dy e

. Let S be an n-surface in &" (. 7).Let pES.Define the tangent space S, at p.

(14 x 1 = 14 weightage)
Part B

Answer any seven guestions.
Each question carries 2 weaightage.

Find the integral curve through p = (4, ) of the vector field X on % given by X @)=\p.5(p)).
where X (Xi,X2) = (X2,Xi)-
Sketch the tangent space at a typical point of the level set f ‘ (1) where f f L S } = ‘i' #x2 ,_,'T' :

Show that the set S of all unit vectors at all points of 1R? forms a 3-surface in R*.

Show that the spherical image of an n-surface with orientation N is the reflection through the

origin of the spherical image of the same n-surface with orientation — N.

. Prove that, in an n-phase, parallel transport is path independent.

n+ 1l
Let S be the unit n-sphere E x2 =1 oriented by the outward unit normal vector field. Prove that
i=1

the Weingarten map of S is multiplication by —1.

Let alf)=(xz(¢},¥[t}]{{EI) be a local parametrization of the plane curve C. Show that :
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22. Let Shethedlipsoid [+ /& +  /p%)+ c2 =1. Find the Gaussian curvature of S. (uhe = 0).

23. Show that the Weingarten map at each point of a parametrized n-surface is self-adjoint.
24. State and prove the Inverse Function Theorem for n-surfaces.

(7 X 2 =14 weightage)
Part C

Answer any two questions.
Each question carries 4 weightage.

25.LetUbeanopensetin® *'andlet f:U-+IR be smooth. Let p E U be aregular point of f and
let c= f (p). Then prove : the set of all vectorstangent to f (C) atpisequal to[v f(p)] -

26. Let Sbean n-surfacein @ *',let pESand let vES,. Then prove there exists an open

interval | containing 0 and ageodesic a: | S such that :

(i) a(0)=p and (0] =

(i) 1f[3:1-p Sisany other geodesic in Swith {0} =p and [i{0)=V, thenl cl and
[(e)=a(t) foral tE

27. Let ii bethe 1-form on R? —{0} defined by :

a1 i
Then prove that for a:[a,b] -+ R? - [0} , any piecewise SMooth closed parametrized curvein
R?-{0} thl =2 for someinteger K.
28. Let _+ *!beaparametrized n-surfacein g=+'andlet pEU. Then show that there

exists an open set U1 ¢ U about p such that  (U1) isan n-surfacein z= +1.

(2x 4 =8 weightage)
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