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FOURTH SEMESTER M.Sc. DEGREE EXAMINATION, MAY 2014
{CTACES)
Mathematics
MT 4C 15—FUNCTIONAL ANALYSIS—II
: Three Houts Maximum : 36 Wiightage
Part A

Abnswer all the questions.
Each question carries a weiphiags of 1.

Show that a continuous map on a metric space is a closed map. Is the converse true ? Justity your
answet.

Define eigen value, and approximate #igen value of a bounded operator A on a Banach space X.
Show that every eipen value of A is an approximate &igen value of A.

Define Fredholm integral operator on X = C ([0, 1]).

Show that if A is an invertible bounded linear operator on a Banach space X .over K then

oA H=1K 'e K:K EULH..'I]

Let X and Y be normed spaces and FeBL (X, Y). Show that if y' ¢ Y', then [F' (¥} = [F]-[i3™ .

Show that every reflexive narmed space is a Ianach space.

Give an example of a continuous map on a normed space which is not compact.
Let H be a Hilbert space over K and y ¢ H be fined. Show that f: H < K defined by flxl=<x, y >

for x ¢ H is a continuous linear functional and that |f]= 01

Define weak convergence of a sequence (x, 1in a Hilbert space H. Is it true that if a sequence ()

in H is convergent in H then (x_) is weak convergent in H ? Justity your answer.

Show thi if A is a linear operator on a Hilbert space H which is continuous at 0, then A is
bounded.

Siow the —{uq, us,...} is an arthenarmal basis for a Hilbert space H, then each A EBL (H) is

defined by the matrix (< A (u; #; =) with respect to this basis.
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Let H be a Hilbert space and A s BL (H). Determine the relation between A* and A', where A* and
A' are respectively the aljint and transpose of A.

Give an example of a normal operator which is neither unitary nor self-ardjomnt.
Let H be a Hilbert space and A, B ¢ BL (H) with A salf-adjnint. Show that AB=0#ff R (A) 1 R (B).
(14 x 1 =14 weighbags)
Part B

Answer any seven questions.
Each question carries a mweighiage of 2.

Let | [ be a complete norm on C  bj) such that if [x, .'l:ﬂI 0, then x, (t) x (t) for every

t c [a, b]. Show that II [ is equivalent to, the sup norm on C

Let X be a non-zero Banach space over C and A ¢ BL (X). Show that a (A) is non-empty.
Let X be a normed space. Show that if X' is separable then X is separable.
Show that every closed subspace of a reflexive normed space is reflexive.

Let X be a Banach space and P ¢ BL (X) be a projection. Show that P is compact iff P is of finite
rank.

Let H be a Hilbert space. Show that there is an inner product <, ' on H' such that < f, f= = | J|"':|E
for every f ¢ H'.
Let H be a Hilbert space and Ae BL (H). Show that there is a unique B ¢ BL (H) such that for all

xy H,

2AxLyrocn By

Let H be a Hilbert space and 4 rBL (H). Show that 4 is unitary iff |& (x}]=114 for all x c H and

A is mAurjective,

Let Ac BL (H) and forn=1, , let Ap be a compact operator on H. Show that if. |#, —A11-*0,
then A is compact.

Let A be a compact calf-adjaint operator on a Hilbert space H. Show that A is a positive operator iff
every eigeavaliue of A is non-negative.

(7 x 2 = 14 weiphicaygr}
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Part C

Answer any two questions.
Each question carries a wighitge of 4.

State and prove closed graph theorem.
Let 1% p,¢500 and .-f"'";' Show that the dual of ;* with the norm is linearly isometric
to g*® with the norm ".'.'

Let H be a Hilbert space, G be a subspace of H and g be a continuous linear functional on G. Show

. I
that there is a unique continuous linear functional fon H such that ‘ff{: =g and lin ‘]E J :

Let A be a non-zero compact aelf-adjoing operator on a Hilbert space H over K. Show that there
exists a finite or infinite sequence [gn'; of non-zero real numbers with and an

nrthonnrmal set i,....} in H such that

AX)= 8§, <xu,>u,xeH. Further show that if the &t lg,....) is infinite, then

g, Oasn=*

(2 x 4 = 8 wreightugr)
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