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Part A

Answer all the questions.
Each question carries a rueigfetoga of 1.

Let X, Y and Z be nermed spaces. Show that if F: X —+ Y iscontinuousand G:Y -+ Z isclosed,
then Go F X -+ Z is closed.

Let X be adense subspace of a narmad space X. Show that thereisalinear isometry from

X' onto Xj,
Let X denote the sequence spacel . Let Il | beacomplete norm on X such that if X, 0, then
x, (s)— X (s) forevery s=1,2, ........ show that Il 11" is equivalent to the usual norm O ||; on X.

Let (K ) be a sequence of eigen values of a bounded linear operator on a normed space X. Show
that if K - k inK, then kis an approximate aigen value of A.

Show that dual of a separablereflexive normed space is separ able.
Give an example of a separ able normed space which isnot reflexive.

Give an example of a continuous map on a normed space which isnot compact.

Let E beasubset of aHilbert space H over K. Show that gt 1isthe closure of the span of E.
Let H beaHilbert space over K and AeBC (H). Show that VI = |A

Show that if X isan inner product space and if AzBL (X), then theremay not exist BeBL (X) such
that (A (X),y)=(x, B (y)) for all x,ycH.

Let H beaHilbert spaceand AeBL (H). Show that A isnormal if |A (x}|=||A* iz} for all xcH.

Let H beaHilbert space and A:zBL (H) benormal. Show that if x; and X, ar e ¢igen vectors of A

corresponding to distinct eimen values, then x; 1 Xo.
Turn over



13.

14.

15.

16.

17.

18.

10.

20.

21.

22.

23.

24

2 C 42501

Let H be a Hilbert space and A=BL (H) be self adjeint. Show that A% > 0 and A = |4 1.

Give an example of Hilbert-Schmidt operator on the Hilbert space H = 12,
(14 x 1 =14 weightap)
Part B

Answer any seven questions.
Each question carries a wwigfiage of 2.

Let X be runrmnrd space over K and f X K be linear. Show that f isclosed iff f is continuous.

Let X and Y be a Banach spaces and FzBL (X, Y). Show that R (F) islinearly hotteonvirphic to
(F)ifandonly if R (F)isclosedin Y.

Let X and Y be normed spaces and FeBL (X, Y). Show that [F* = [F| and F*J, =Jy F,

whereJ and J are the canonical cmbeddings of X and Y into X" and Y" respectively.

Show that if 1< p<00, then ; isreflexive.

Let X bea Banueh space. Show that the set of all compact operatorson X isclosed in BL (x).

Let H be aHilbert space and F be a non-empty closed subspace of H. Show that H=F + F .
Let H be aHilbert space and A:BL (H). Show that if A is scli-adjoint, then
Al sup ﬂ{n (x),#r:ix H, I'.r|'|;=1}.

Let H beaHilbert spaceand A=BL (H). Show that if A isunitary, then for every prthonorrusl

basis fu, | of H, {A (i)} and | A* {t,)} areboth orthonarmal basesfor H.

Let H beanon-zero Hilbert spaceand A:BL (H) he sclf-sdjnint. Show that
[tta MA} cad (A)=a(A)=[ma MA].

Let H beaHilbert spaceand AxBL (H). Show that if A is compact, then A* is also compact.

(7 X 2 = 14 weightape)
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Part C

Answer any two questions.
Each question carries a weinfdige of 4.

25. Let X be normed space and AsEL (X) be of finite rank. Show that a_ (A) = ag(A) = a(A).

26. Let X bea Banach space which is uniformly convex in some equivalent norm. Show that X is
reflexive.

27. State Riesz representation theorem. Show that the Riesz representation theorem does not hold for
an ineornpelate inner product space.

28. Let H be afinite dimensional Hilbert space over K and A:BL (H). Supposethat K = Cand A is

normal, or that K= R and A is self adjoint. Show that there is an orthenorinal basis for H consisting
of engenvectorg of A.

(2 x 4 = 8 weightapel
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