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Mathematics

MT 4C 15—FUNCTIONAL ANALYSIS — 11
Time : Three Hours Maximum : 36 Weighiage
Part A

Answer all guestions.
Each question carvies 1 weightage.

1. Show that if F is a hijective closed map on a narmed space then F'is also a closed map.

2. Let X be a Banach space and A e BL(X]. Show thatif £& a, (A), then Ile 1511 A I

=
3. LetX be a normed space and A s BL(X) be invertible. Show that lim inf A" || =0

4. LetY be a subspace of a narmed space X. Forx £ X , let F(x -'i/fl, .Show that F is a surjoctivie

linear map from X to Y such that II Fix )50 x Iforall x X'

5. Let X be a Banach space. Show that if X is reflexive then it remains reflexive in any equivalent

norm.

6. Let. M =ding(#,,k,, ...} and X be the sequence space . Show that if £;-->0as n---> co, then p.
defines a map in CL (X).

7. State Riesz representation theorem.

8. Let H be a Hilbert space and {I“‘_i be a sequence in H. Show that x, .~ in Hif -:: X, ‘I LY

uniformly for y E H with I1 y I1 5.1.

9. Let X be a non-zero Banach space and P £ BL{X) be a projection. Show that if 0 P ——th

a{P) = {0,1} .
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10. Let H be the Hilbert space C> and A : H H be defined by :

A (X(1), x(2)) (2x (1).x (2)) for (x(1), x(2)) sH . Determine A*.

11. Let H be aHilbert space. Show that if (An) isasequence of unitary operatorson H, and A = HL.{H)

besuchthat Il An-A Oasn «,then A isunitary.

12. Let H be a Hilbert space and A c EL{H) be self-adisint. Show that A20 and A <l AHI.

13.  Show that if x; and X, aresigen vectors of a normal operator on a Hilbert space H corresponding

to distinct igen values, then X1 | X2

14. LetH be anon-zero Hilbert space and A E BL.{H]. Show that :

A |=sup{lk:keafa A)]

(14 x 1 = 14 weightage)
Part B

Answer any seven questions.
Each question carries 2 weightage

15. Let X and Y be Banach spaces and F sEL{X,Y}. Show that R (F) islinearly hameosmorphic to
:,{’:thpj iff R(F)isclosedin.

16. Let X be aBanach space and A ¢ BL{ X ). Show that A isinvertibleiff A is bounded below and the

range of A isdensein X.

17. Let X bethe sequencespace 1 and A : X X be defined by :

9

o X(2) X(3)
A (X)=(Ox(1})." 2 3 ’-'-}for x & X. Show that o, (A)=¢ and &, (A)={0} =a(A].
.Let X and Y benormed spaces and F ¢ BL{X,¥). Show that Il F | = |F11=11F |and F"J, =JyF,

where Nand J . are the Canonical embedding of X and Y into X" and Y" respectively.
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20.

21.
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Let X be a reflexive maormed space show that X is separable iff X is separable.

Let X and Y be Banach spaces and F : X Y be linear. Show that F is continuous and of finite

rank iff F is a compact map and R (F) is closed in Y.

Let H be a Hilbert space and f ; H . Show that if g gn=Ifl and g (x)= 1(x) for some
non-zero xEE.H"}' , theng = f.
Let H be a Hilbert space and A E BL{H) be gelf-adjeint. Show that

1 al=supflc Afx),x>|:xeH,| x <1}

Let H be a Hilbert space and A ¢ BL{H}). Show that o, (A) cw(A] and oA} is contained in the

closure of w{A].

. Let H be a Hilbert space and A e BL{H). Show that A is compact iff A * A is compact.

(7 x 2 = 14 weightage)
Part C

Answer any two questions.
Each question earries 4 weightage.

State and prove closed graph theorem.
Let F be a finite dimensional subspace of a Hilbert space H. Show that H=F + F and ¥ -F.

Let H be a Hilbert space and A E BL{H]). Show that R (A) = H iff A" is bounded below, and
R (A") = H iff A is bounded below.

Let A be a non-zero compact self adjoint operator on a Hilbert space H over K. Show that there

exist a finite or infinite sequence {8 ) of non-zero real numbers with I S;I I 8211831 . and
an orthonormal set {t,4s,...) in H. Such that A(x)=3 8, <xu, >u, xEH.

(2 x 4.= 8 weightage)
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