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MT 3C 12—FUNCTIONAL ANALYSIS—I
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Part A

Answer all guestion
Each question carries 1 weightage.

Prove or disprove : A sequence [%_)in the metric space 77,7 5_p5_a convergesto x in  if
X (7)=»x (j) foreach j=1,2,3,...

Give an example of a bounded sequence in a metric space which is not eanchy.

State Minkowsgki's inequality for measurable functions on a measurable subset of R.

Define nth Dirichlet Karrial D_and show that | D, ()8t =22

Let Y be a subspace of narmed space X. Show that is a normed space.

Define inner product space.
State Gram-Schmidt orthonermalization theorem.

Let [ ,)be a sequence in a Hilbert space H. Show that if Z Il #, [l < on, then Z *. converges
awml "

in H.

Let X be an inner product space. Let E < X and x ¢ F . Show that there exists a best approximation

fromEtoxif x¢E.

Let X be a normed space, f ¢eX'and / 0.Let 2 ¢X with f(2)= 7 > 0. Show that
1
Ufa,r)nE(f)=0 if ] .

Show that C,, is not closed in ¥~

What is the geometrical interpretation of the uniform boundedness principle ?
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Let X be anormed space over K and x £ X . Define ;. K by fx (h=f(x) for fe _Show

that j ¢ X" and|j iy 1711 x11.

Let X beanormed space and (x, ) be a sequencein X such that (f(x, }) convergesin K for every

fe X« Show that the sequence {x_)isbounded.
(14 x 1 = 14 weightage)
Part B

Answer any seven guestions.
Each question carries 2 weightare,

Show that a non-empty subset of a separable metric spaceis separablein theinduced metric.
State and prove Riemann—Lebesgue lemma.

Provethat thethreenorms | |, lipang 11 | areequivalent.

Let X and Y be mormed spaces and Z be a closed subspace of X. Show that if F 6 BL l:}%, Y) and

welet F(x)= +Z)for xcX,thenFcBL (X,Y) 44 FH

Let <, >bean inner product on alinear space X and T X X be alinear one-to-one map. Let :
“xy= =<T (X), T (y)=for x,yeX.

Show that <, = isan inner product on X.

State and prove Bessel's inequality.

Let X =&{[-11]), 2(e)=1-¢ ,x, /) = and x (2)=cospt for +  —11}. Show that the best

approximation from span {Xg, x;} tox zs #a

Let Y bea subspace of a narmed space X and ae X but ay . Show that thereissomef ,
such that 4 = 0, 7 (a) = dist (a, ¥ ) and 11 £ 17=1.

Show that a normed space X in a Banach spaceiff every absolutely summmable series of elements
in X is summable in X.

Let X beanormed space and E be a subset of X. Show that E isbounded in X iff f (E) is bounded
in K for every feX.

= 14 waightage]
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Part C

Answer any two questions.
Each question carries 4 weightage.

Show that for 1 p=co, themetric space ,. isseparable, but I isnot separable.

Show that every finite dimensional subspace of a narmed space X isclosed in X.
Show that a non-zero Hilbert space H is separableif H has a countable erthonormal basis.

Let. X be a narmed space. Show that for every subspaceY of X and every geg y', thereisaunique

Hahn-Banach extension of g to X if X isstrictly convex.
2 X 4 = 8weighntge)
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