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SECOND SEMESTER M.Sc. DEGREE EXAMINATION, JUNE 2019
(CUCSS)

Mathematics
MT 2C 08—REAL ANALYSIS—II
(2016 Admissions)
: Three Hours Maximum : 36 Weightage
Part A (Short Answer Questions)

Answer all guestions.
Each question carries 1 weightage.

Let A ¢ R and let E > 0. Prove that there is an open set O containing A such that
m* (0) m*(A) +E.
Let .M be a a-algebra and let A, B M. Prove that AnB E

Prove that continuous functions are Lebesgue measurable.
Let fbe a measurable function and let /= g a.e. Prove that g is measurable.
Let fbe a non-negative measurable function. If A and B are measurable sets with A D B, then

prove that A7 Fdx >t fdx.

If fis integrable, then prove that fis finite valued a.e.
If /' exists and bounded on /4, 4/, then prove that fis of bounded variation on /g, 4] .

Let fbe an integrable function on (@, b). Prove that the Lebesgue set of f contains all points in
(a, b) at which fis continuous.

Let A, B be subsets of a set C, let A, B, C be elements of a ring R and let p. be a measure on R. If
w(A) = w(C) < co, then prove that p (A n B) = p (B).

Define complete measure and give an example of it.

li. Let A be a positive set with respect to a signed measure u on a measurable space [IX, .57 Prove

12.

13.

that every measurable subset of A is a positive set.

Prove that the total variation of a signed measure on a measurable space IX, SJ1 is a measure on

Give an example to show that a Hahn decompsition is not unique.
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Let u be a measure on measure space 1[X, 8, UT. Give sufficient conditions on the measure pand v

so that there exists a non-negative measurable function f on X such that u(E) = je f elpt for each

EE S
(14 X 1 = 14 weightage)

Part B

Answer any seven guestions.
Each question carries 2 weightage.

Let E; and 52 be L ebesgue measurabl e sets. If E; NE; =4), then prove thut
M(E; UE;)= m(E1)+m(E>).

Let {Ei} be asequence of measurable sets. If Ey p E2 - - - and m(E;) < co for each i, then prove
that m(limg,) = limm(E;).

Let If, } be asequence of measurable functions defined on the same measurable set. Prove that

lim sup f, is measurable.
For x E[O, 11, define

Oif x isrationa
1 ifxisirrational.

)= J;

1
Evaluate '(lJf ax.

Let f be afinite valued monotone increasing function on [a, b]. Prove that f is continuous except on
aset of pointswhich is at most countable.

Let {a,} be asequence of non-negative numbersand for A ¢ N, let pu(A) = EA a,. Show that pis
n

a complete measure on the measurable space [[N, P(11)J1.
Prove that Jordan decomposition of a signed measure is unique.

Prove that countable union of sets positive with respect to a signed measure |1 is a positive set.

If vi, v, are a-finite measures on a measurable space [X, S]] and v, << V/, « |, then prove that

d(vi +v2) = dv;_dv,
dp

Let f be an integrable function on (a, b). Prove that the function F (x) = | N) dt is absolutely

a
continuous.
(7 X 2 =14 weightage)
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Part C

Answer any two questions.
Each question carries 4 weightage.

25.  Prove that the set of all Lebesgue measurable subsets of R is a a-algebra.
26. Let fand g be non-negative measurable functions. Prove that
fdx + jgdx = fif + g)dx.
27 Ifu is a-finite measure on a ring TZ, then prove that it has a unique extension to the a-ring S(R),
where S(R) is the a-ring generated by R.
28. Let [[X, S, p.]] be a a-finite measure space and u be a measure on . Prove that » =, + vq, where

v, and v be measure on § such that v, 1 pand vy << . Also prove that the decomposition is
unique.

(2 x 4 = 8 weightage)
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