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FIRST SEMESTER M.Sc. DEGREE EXAMINATION, FEBRUARY 2013
(OUCss)
Mathematics
MAT 1C 03—HREAL ANALYSIS—I
(2010 Admissions)

: Three Hours Maximum . 36 Weightag:
Part A (Short Answer Questions) (1 —14)

Answer all questions.
Each question has 1 weightage.

Construct a bounded set of real numbers with exactly one limit point.
For x,y ER' letd (x, y) = Ix*—y°] . Is d a metric on R 7 Justify your answer.

Let E be a non-empty set of real numbers which is bounded above and let y = sup E. Prove that

yEE.

Is a finite set closed 7 Justify your answer.
Prove that the limit of a function is unique.
Construct a function which has a simple discontinuity at every rational point.

Let f be a differentiable function on [a, b]. Prove that fis continuous on [a. bj.

Let fbe a continuous function and f O on [a, b/.If J f dx =0, then prove that f(x) = 0 for all

a
XE [a, b].

Let f,, f, be bounded functions and a be a monotonic increasing function on [a, b]. Prove that if
f, are Reimann-Steiltjes integrable with respect to a on [a, b], then f; + L is Reimann-Steiltjes
integrable with respect to a on [a, bj.

Let f be a bounded function and a be a monotonic increasing function on /a, bj. If the partition
P' is a refinement of the partition P of [a, b], then prove that.

L(I,f, L(P, fa).

Let ¥ be defined on [0, 2n] by 7 (t) =¢'. Prove that y is rectifiable.
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Give an example of a convergent series of continuous functions with a discontinuous limit.
Prove that uniformly conver gent sequence of bonded functionsis uniformly bounded.
Define equirontinuous family of functions and give an example of it.
(14 x 1 = 14 weightape)
Part B

Answer any seven from the following ten questions (15 —24).
Each question has weightage 2.

Provethat the set of all integersis countable.

Prove that compact subsets of a metric space are closed.

Let f pea continuousreal valued function on a metric space X. Prove that the set
Z(fl={xEx f(X)=0} isaclosed subset of X.

L et [X] denote the largest integer lessthan or equal to x. What type of discontinuities does the
function [x] have ?

If fisareal valued differentiable function on (a, b). If ' (x) Ofor all xE (a, b), then provethat
fismonotonicincreasing on (g, b).

Let f beabounded function and a be a monotonic increasing function on [a, b]. Provethat if fis
Heimang-Steilijes integrable with respect toaon [a, b], then |f is Reimann-Steiltjes integrable

with respect toaon [a, b] and | T & _[5_{';“’3,
) . - - S X —[X]
For 1< s=x define L (s)= Y —. Provethat (s~ 41 4% where [X] denote
/1:7 o
the greatest integer lessthan or equal to x.
1
For what values of x doesthe series . 2 _ convergeabsolutely.
1 n x

=

x n
Provethat the series 27 (1-1 2 converges uniformly in every bounded interval.
”:
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Let K becompact, f,LEC(K)n=123,.... and let {f,} be pointwise bounded and equicontinuos
on K. Provethat {f; | isuniformly bounded on K.
(7 x 2 = 14 weightage)
Part C

Answer any two fromthe following four questions (25—28).
Each question has weighifage 4.

(a) Provethat countable union of countable setsis countable.
(b) Provethat the cantor set is perfect.

(a) Prove that a mapping fOf @ metric space X into a metric space Y is continuouson X if and only
if / (V)isopenin X for every openset VinY.

(b) Provethat continuousimage of a connected spaceis connected.

(a) State Taylor'stheorem.

(b) L et fbeabounded function, a be monotonic increasing function and a is Heimunn integrable
on [a b]. Provethat fis Reimann-Steiltjes integrable with respect toa on [a, b] if and only if
fa' isHeimann integrableon [a, b].

Let ybeacurveon [a, b] and let y' be continuouson [a, M. Provethat yisrectifiable and

()= |y (1) dr.

a

(2 x 4 = 8 wightage)
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